The correctness of Cauchy problem for a polynomial difference operator is studied. An easily verifiable sufficient condition for correctness of a two-dimensional Cauchy problem for an operator with constant coefficients is proved.
Introduction
The theory of linear differential equations is used in various areas of mathematics, and in onedimensional case is largely completed [1] . The situation is much more difficult for n > 1, and there is no general description of the space of solutions to the difference equation even for operator with constant coefficients. One way to describe is to ask additional (initial, boundary) conditions on the solution of the equation that ensure uniqueness. For multidimensional difference equations in the positive orthant of the integer lattice various options for setting these conditions (a Cauchy problem) have been considered in [2, 3] in connection with applications to the combinatorial enumeration analysis.
Another important source of difference equations is discretization of differential ones. In this case the form of the domain of a solution to a difference equation and the type of additional restrictions on the solutions are determined by the initial differential problem and the chosen approximation method. The resulting problem is called a difference scheme and the question of the existence and uniqueness of solutions is central in the corresponding theory [4] [5] [6] ).
Another important question is the question of stability of a difference equation. For n = 1 and constant coefficients the stability is investigated in the framework of the theory of discrete dynamical systems (see, e.g. [7] ), and it is completely determined by the roots of the characteristic polynomial, namely, if they all lie in the unit circle. Stability of two-dimensional digital recursive filter has been studied in [8] . In the monograph [9] the question of stability has been studied for a two-layer homogeneous linear difference scheme with constant coefficients. Stability of multilayer homogeneous difference schemes has been investigated in papers [6, 10, 11] by using methods of the theory of amoebas of algebraic hypersurfaces, in this case a formula representing a solution to a Cauchy problem via its fundamental solution has been obtained.
A difference analog of the boundary value problem of Hörmander for a polynomial differential operator has been studied in [12] in two-dimensional case and in [13] for arbitrary number of variables. In [13] we have studied solvability of difference equations with initial-boundary Riquiertype conditions; in terms of the theory of difference schemes they are multilayer implicit difference schemes. In [14] an easily verifiable sufficient condition for correctness of a Cauchy problem for a polynomial difference operator with constant coefficients whose characteristic polynomial is homogeneous has been obtained.
In this paper we investigate correctness of a Cauchy problem for some polynomial difference operators that often appear in the theory of difference schemes.
Let us introduce necessary notation and definitions. Denote by Z the set of integers, by Z 2 = Z × Z the two-dimensional integer lattice and by Z 2 + the subset of the lattice consisting of points with non-negative integer coordinates. Define the shift operators δ 1 and δ 2 with respect to x and y correspondingly as δ 1 f (x, y) = f (x + 1, y) and δ 2 f (x, y) = f (x, y + 1).
Consider a linear polynomial difference operator of the form
where c ij are constant coefficients. The polynomial
c ij z i w j is called the characteristic polynomial of the operator (1), its degree degP w = m with respect to w is called the order of polynomial difference operator P (δ 1 , δ 2 ) and is denoted by n = max j {k j }. 
Consider the strip П
and formulate the following problem:
find a solution to the difference equation
satisfying the condition
where g(x, y) and φ(x, y) are given functions of integer arguments. The problem (2)- (3) is called the Cauchy problem for the polynomial difference operator
As an example, we consider the first boundary value problem for the heat transfer equation [4] :
( 4) and its approximation by the six-point difference (two-layer) parametric scheme of the form
where 0 σ 1 is an arbitrary real parameter. Consider a purely implicit scheme, i.e. σ = 1. Then (5) can be rewritten in the form u
then in our notation c 01 = c 21 = a, c 11 = 1, and the difference operator will have the form
, the Cauchy problem (5)- (6) for this scheme takes the form
We say that the problem of the form (2) 
Note that if condition b) is fulfilled the difference operator P (δ 1 , δ 2 ) it called stable. Thus, the difference problem (2)-(3) is correct (well posed) if for any initial data φ (x, y) and right hand side g(x, y) it is uniquely solvable and stable.
Let us give an easily verifiable condition for correctness of the problem (2)-(3). 
then (2)- (3) is uniquely solvable and stable, i.e. the problem (2)- (3) is correct.
The proof of correctness of (2)-(3)
To prove Theorem 1 we need some concepts and facts from the theory of systems of linear equations with infinite number of unknowns.
The system (2)- (3) is an infinite system of equations with the unknowns f (x, y), (x, y) ∈ Π K ∩ Z
2 . An important feature of this system is that each equation contains a finite number of unknowns. It is known (see [15, Lemma 6.3.7] ) that this system is consistent if and only if so is every finite collection of these equations. To study the question of conditions on the operator P (δ 1 , δ 2 ) under which the problem (2)- (3) is correct, we first order the equations of this system so that at each step the system containes all the equations of the previous step. We obtain a system of equations for the unknown f (x, y), (x, y) ∈ Π p K , of the form
The number of equations #(L Denote by A p the matrix of the system of equations (9)- (10) and by det A p its determinant. Example. Consider the difference operator
, then the system of equations (9)- (10) 
with unknowns f (y 1 , y 2 ), (y 1 , y 2 ) ∈ Π 
A is a diagonally dominant matrix (see [16] ).
Proof of Theorem 1. The determinant of the matrix A p has either 1 or the coefficient c β is on the main diagonal. If the condition (8) is fulfilled the matrices A p are diagonally dominant, so det A p ̸ = 0 (see, e.g. [17] ) and the problem (9)- (10) has a unique solution.
To prove stability we need to estimate the norm of the matrix A −1 p , which is the inverse for the matrix A p of the subsystem (9) - (10) .
For any p ∈ Z + the values of diagonal dominance in lines numbered by
|c ij |. All these quantities are independent of p. Thus,
Consider the vector f p with coordinates f (x, y), (x, y) ∈ П β K and the vector h p with coordi- (9)- (10) 
Since the inequality is valid for all p, ∥f ∥ ∞ M (∥g(x, y)∥ ∞ + ∥φ(x, y)∥ ∞ ). Thus, the problem (2)-(3) is stable.
2 Consider an application of the obtained results to the problem (5)- (6) . Since for the coefficients of the polynomial difference operator we have 1 |a|
, the condition of diagonal dominance (8) in Theorem 1 is fulfilled, therefore the problem of (5)- (6) has a unique solution and is stable. Let us give an example showing that the condition (8) of Theorem 1 is sufficient but not necessary. Consider the approximation of the problem (4) by a three-layer scheme of the form
In the case of a purely implicit scheme, namely when σ 1 = 1, σ 2 = 0, Θ = 3 2 , the scheme (12) can be written as 
